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We study the properties of the synchrotron radiation in vacuum. The

behaviour of time averaged radial, azimuthal and polar components of

the radiated energy ux is investigated for di�erent velocities of a mov-

ing charge and at di�erent observation distances from a charge orbit

(both outside and inside it). Analytic formulae are found for the in-

stantaneous position of the radiation intensity maxima and minima at

the �xed moment of the laboratory time. They generalize the famous

Schwinger formula for arbitrary velocities and distances.
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1 Introduction.

Probably, Schott was the �rst who extensively studied the synchrotron motion (SM).

His �ndings were summarized in the treatise Electromagnetic Radiation ([1]). Schott

studied the radial energy ux and obtained useful analytic formulae describing syn-

chrotron radiation (SR).

The polarization and quantum aspects of SR were studied by the Moscow University
school ([2-6]). In all these references only the radial component of the energy ux
survived at large observation distances.

In 1949, Schwinger obtained a new solution corresponding to the narrow beam emit-

ted along the direction of a charge motion [7]. The question arises how to reconcile

the Schwinger solution with those investigated in [1-6].



SM in terms of the retardation time method was considered in [8]. The main em-

phasis was made in [8] on the SM in medium with the velocity v greater than the



light velocity in medium cn for which both analytical and numerical results were

presented. Only few numerical results were presented in [8] for v < cn. The reason

for this was that we naively supposed that the SM in vacuum was known in great

detail. Our searches in the recent physical literature [5, 6, 9-13] showed that the

v < cn case of the SM (including that of in vacuum) is far from being exhausted.

The formulae obtained by Schott and Schwinger were valid at the distances r much

larger than the radius a of a charge orbit.

In modern electron and proton accelerators this radius reaches few hundred meters

and few kilometers, resp. This means that large observation distances are unachiev-

able in experiments performed on modern accelerators and the formulae describing

the radiation intensity on moderate distances and near the charge orbit are needed.

Formerly, time-averaged radiation intensities in the near zone were studied in Refs.

[9-11]. However, their consideration was based on the expansion of �eld strentghs in

powers a=r. The convergence of this expansion is rather poor in the neighbourhood
of a charge orbit.

The main goal of the present consideration is to apply analytical methods devel-
oped in [8] to the consideration of time averaged and instantaneous intensities of SR

in vacuum. The essence of these methods is in solving of the transcendental equation
relative proper time of a moving charge. This allows us to �nd electromagnetic �eld
(EMF) and intensities of SR at arbitrary distances.

SR has numerous applications in nuclear physics (nuclear reactions with  quanta),
solid state physics (see, e.g., [14]), astronomy ([15, 16]), etc. There are monographies

and special issues of journals devoted to application of SR [17-19].
The plan of our exposition is as follows. In section 2, we present the main for-

mulae describing EMF of SM. In section 3, we evaluate the electromagnetic energy
uxes radiated for the period of charge motion in three mutually orthogonal direc-
tions (radial, azimuthal and polar) on the observation spheres with radii greater and

smaller than the radius of the observation sphere. Section 4 is devoted to the inves-
tigation of the instantaneous radiation. It is shown that it has a more complicated
structure than it was known up to now. The new formula for the intensity radia-

tion generalizing Schwinger's one for arbitrary observation distances and velocities
is obtained. The results of this section may be applied to astrophysical problems
associated, e.g., with sunspots, Crab nebula, Jupiter's radiation belts, etc. [15,16].

2 Main formulae.

SR is the radiation produced by an electron moving along the circumference. This

motion is due to the uniform magnetic �eld perpendicular to the plane of orbit.

The radiation energy losses are compensated by an azimuthal electric �eld. In this

treatment, we consider electron motion as to be given and evaluate EMF arising
from such a motion.

We begin with the well-known formulae describing EMF of an arbitrary moving



charge [15, 20]

~E = e
1

(R� ~� ~R)3
[(1��2)(~R�~�R)+ 1

c
(~R�((~R�~�R)� _~�))]; ~H =

1

R
(~R� ~E) (2:1):

Here ~R = ~r � ~�(t0) is the vector going from the current charge position to the

observation point, ~� = ~v(t0)=c; ~v(t0) = d~�(t0)=dt0;
_~� = d~�(t0)=dt0; R = j~Rj, ~�(t0)

is the charge trajectory equation (Fig. 1). All the quantities in the r.h.s. of (2.1)

are taken at the �xed proper time moment t0 of a moving charge related to the

observation (laboratory) time t via

c(t� t0) = R: (2:2)

This equation may be rewritten in another form

� = �0 +
�

�
(1� ~R); (2:3)

where ~R = (1+ �2�2� sin � cos�0)1=2; � = ��!t+!r=c; �0 = ��!t0; � = a=r.

In the treated case, a charge moves along the circumference of the radius a lying
in the z = 0 plane: �x = a cos!t0; �y = a sin!t0; �z = 0 (Fig. 1). In a manifest

form, the spherical components of ~E look like

Er =
e

ra
~Er; E� =

e

ra
~E�; E� =

e

ra
~E�; (2:4)

where the dimensionless �eld strengths are

~Er =
�

Q3
[1� � ~R sin � sin�0 � �2 sin2 � cos2 �0 � �(1� �2) sin � cos�0];

~E� =
cos �

Q3
[�2 cos�0 � ��(� sin � cos2 �0 + ~R sin�0)� �2(1� �2) cos�0];

~E� =
1

Q3
[�2(� ~R sin � � sin�0)� �� cos�0( ~R � � sin � sin�0) + �2(1� �2) sin�0]:

Here Q = ~R � � sin � sin�0; r; � and � de�ne the position of the observation point.

The spherical components of the Poynting vector

~S =
c

4�
( ~E � ~H) =

c

4�R
[~RE2 � ~E( ~E ~R)]

are given by

Sr =
ce2

4�r2a2
~Sr; S� =

ce2

4�r3a
~S�; S� =

ce2

4�r3a
~S�;



where ~Sr, ~S� and ~S� are the corresponding dimensionless components:

~Sr =
1 � � sin � cos�0

~R
~E2 � ~Er�

1� �2

Q2
; ~S� = �cos � cos�0

~R
~E2 � ~E�

1 � �2

Q2
;

~S� =
sin�0

~R
~E2 � ~E�

1 � �2

Q2
: (2:5)

When obtaining (2.5) it was taken into account that Rr = r � a sin � cos�0; R� =

�a cos � cos�0; R� = a sin�0; ~E ~R = e(1��2)r ~R=Q2. At large distances (r >> a)

Er � O(r�2); Hr � O(r�2); H� = E� =
e�2

ra

cos � cos�0

q3
;

E� = �H� =
e�2

ra

� sin � � sin�0

q3
;

S� = S� � O(r�3); Sr =
c

4�
(E2

�+E
2

� ) =
c

4�

e2�4

r2a2q6
[cos2 � cos2 �0+(� sin ��sin�0)2]:

(2:6)
Here q = 1� � sin � sin�0. Obviously, Srd�r, S�d�� and S�d�� are energies radiated
per unit of laboratory time through the surface elements d�r = r2 sin �d�d�, d�� =
r sin �drd�, d�� = rdrd� attached to the sphere of the radius r and oriented in radial,

meridional and azimuthal directions, resp. Correspondingly,

d3E
sin �d�d�dt

= r2Sr;
d3E

sin �drd�dt
= rS�;

d3E
drd�dt

= rS�

are the energies per unit of laboratory time related to the rectangles with sides
(d�; sin �d�), (dr; sin �d�) and (dr; d�), resp.

3 Energy radiated for the period of motion

We are interested in energies owing through the above surface elements for the

period of charge motion.

�r =
d2E

sin �d�d�
= r2

TZ

0

Srdt; �� =
d2E

sin �drd�
= r

TZ

0

S�dt;

�� =
d2E
drd�

= r

TZ

0

S�dt; T = 2�=!:

From (2.2) we �nd

dt =
Q

~R
dt0 = � Q

~R!
d�0:



Then,

�r =
d2E

sin �d�d�
=

e2

4�a�

2�Z

0

~Sr
Q

~R
d�0; �� =

d2E
sin �drd�

=
e2

4�r2�

2�Z

0

~S�
Q

~R
d�0;

�� =
d2E
drd�

=
e2

4��r2

2�Z

0

~S�
Q

~R
d�0: (3:1)

The �0 integration runs from 0 to 2�. For large distances (�! 0) one gets

�� ! 0; �� ! 0; (3:2)

�r ! e2�3

4a

1

(1 � �2 sin2 �)5=2
[2 + �2 sin2 � � sin2 �

1 � �2

1� �2 sin2 �
(1 +

1

4
�2 sin2 �)]:

Equation (3.2) coincides with that given in [4].

The surface integral from the radial energy ux

Z
�rd
 =

4��34

3a

coincides with the energy radiated by a moving charge for the time T = 2�=!.

It follows from (3.1) that �r; �� and �� have di�erent dimensions and, there-
fore, cannot be compared between themselves. To make this possible, we introduce
dimensionless intensities

~�r = �r=(e
2=a); ~�� = ��=(e

2=a2); ~�� = ��=(e
2=a2):

The radial energy ux ~�r emitted for the period of charge motion is shown in
Fig. 2 as a function of a polar angle �. The calculations were made for the radii of
observation sphere r larger (Fig. 2a) and smaller (Fig. 2b) than the charge orbit

radius a. It is seen that with the rising of the observation sphere radius r, ~�r reaches
its asymptotic value (2.8) for � � 0:5 (Fig. 2a). On the other hand, for r smaller

than a, ~�r falls very rapidly with decreasing of r (Fig. 2b). The increasing of the

radial energy ux for in the neighbourhood of a charge orbit (� ! 1) is due to the
proximity of the observation point to a charge orbit. This fact was called in [10] the
"focusing" e�ect.

The azimuthal energy ux ~�� emitted for the period of charge motion is shown

in Fig. 3 as a function of the polar angle �. In accordance with Schwinger's results,
it is large in the immediate neighbourhood of the charge trajectory (� = 0:99 and

� = 1:01). For large observation distances it decreases like ��2. On the observation
spheres lying inside the charge orbit, the dependence ~�� is rather at for � > 2.

The polar energy ux ~�� emitted for the period of charge motion is shown in

Fig. 4 as a function of the polar angle �. Due to the presence of the factor cos �, ~��



exhibits characteristic oscillation in the neighbourhood � = �=2. It is easy to check

that
R
��d� = 0. In general, polar intensities ~��d� are much smaller than ~�� and ~�r.

Comparison of Figs. 2(a) and 3 demonstrates that the focusing e�ect is more

pronounced for the energy ux in the azimuthal direction. This is essentially the

Schwinger result according to which the charge moving with the velocity v � c

radiates mainly in the direction of its motion. Figs. 2b and 3b demonstrate that

focusing e�ect takes place also for r < a.

What is new in this section? The radial energy ux at arbitrary distances for r >

a was studied formerly in Refs. [9-11, 16]. To our best knowledge, the energy uxes

in other directions and radial energy ux for r < a were never studied previously.

4 Instantaneous distribution of synchrotron radi-

ation

Up to now we have studied the space distribution of the energy radiated for the
period of motion. Now we intend to study its instantaneous distribution in the
laboratory reference frame at the given moment of laboratory time. Formerly, the
instantaneous distribution of the radiated power at large distances was studied in the
reference frame attached to a moving charge [21-24]. The instantaneous intensity in

the radial direction was identi�ed with Sr de�ned in (2.6). However, all quantities
in this equation are referred to the �xed moment of the proper time t0 of a moving
charge (since �0 = � � !t0). Due to equation (2.2), di�erent space points in Sr
correspond to di�erent moments of the laboratory time t. The physical meaning of
this intensity is not very clear. We are interested in �nding the intensity at the given

moment of laboratory time. For this purpose, for a given moment of laboratory time
t, we �nd t0 from the equation (2.2) at the given space point x; y; z. Substituting
thus obtained t0 into the �eld strengths, we �nd EMF at the space point x; y; z at the
given moment of laboratory time t. By changing x; y; z, we obtain space distribution
of EMF at the given moment of laboratory time t. This is essentially the computing

procedure used below.

4.1 In�nities of �eld stengths

At �rst we note that the denominators Q have zero only at � = 1; � = �=2; cos�0 = �.

The corresponding value of � is equal to

� = arccos �+ (1�
p
1 � �2)=�: (4:1)

In particular, for large observation distances, � � 0; �0 � �=2; � � �=2. In the
neighbourhood of the charge orbit, � � 1; �0 � 0; � � 1. For the intermediate
distances (� = 0:5), one gets �0 = �=3; � = �=3 + 2(1 � p

0:75) � 1:3. Thus,

zeroes of Q �ll the interval 1 < � < �=2. Obviously, �eld strengths are in�nite



at those space points where Q vanishes. Physically, this may be understood in the

framework of the Schwinger approach [7] according to which a charge moving along

the circular trajectory with the velocity v � c radiates in the direction of its motion.

The equation of this radiation line is

y � a sin!t0 = � cot!t0(x� a cos!t0):

Or, in spherical coordinates

cos(�� !t0) =
a

r
; �� !t0 = arccos

a

r

(it was put here � = �=2 since a charge moves in the equatorial plane). Substituting

this equation into (2.3), one gets

� = arccos �+
�

�
(1�

p
1 � �2):

For � = 1 this coincides with (4.1).

4.2 Extremes of the Q function

For � 6= 1 and � 6= �=2, the denominators Q entering into �eld strengths do not
vanish. Yet, it may take minimal and maximal values corresponding to maximal

and minimal values of �eld strengths, resp. In the next two sections, we study
the positions of Q extremes in the � = const plane (or parallel plane) and in the
� = const plane (meridional plane)

4.2.1 Extremes of �eld strengths in parallel planes

To �nd extremes of the Q functions relative to the azimuthal angle �, we di�erentiate
Q over � for r; t and � �xed and take into account that

c
dt0

d�
= � ar sin � sin�0

R� �r sin � sin�0
= �a sin � sin�

0

Q
:

Then, equating dQ=d� to zero, one gets

a sin�0 = R� cos�0; (4:2)

or, in dimensionless variables,

� sin�0 = ~R� cos�0; ~R = (1 + �2 � 2� sin � cos�0)1=2

This leads to the following third-order equation:

cos3 �0 � b cos2 �0 +
�

2�2 sin �
= 0; b =

1 + �2(1 + 1=�2)

2� sin �
: (4:3)



This equation has three real roots

cos�0
1
=
b

3
(2 cos

 

3
+ 1); cos�0

2
=
b

3
(1 � cos

 

3
+
p
3 sin

 

3
);

cos�0
3
=
b

3
(1 � cos

 

3
�
p
3 sin

 

3
): (4:4)

Here

cos = 1� 54
�4�4 sin2 �

[�2(1 + �2) + �2]3
; 0 <  < �:

Since (cos�0)1 > 1, it is unphysical. Further, it follows from (4.3) that cos�0
2
> 0

and cos�0
3
< 0. Due to (4.2), sin�0 has the same sign as cos�0. Therefore,

�0
2
= arccos[

b

3
(1 � cos

 

3
+
p
3 sin

 

3
)]; �0

3
= � + arccos j b

3
(1� cos

 

3
�
p
3 sin

 

3
)j

lie in the 1-st and 3-rd quadrants, resp. From the de�nition of Q (see Eq. (2.4))

it follows that �0
2
and �0

3
correspond to the minimum and maximum of Q and to

maximum and minimum of �eld strengths, resp. We rewrite equation (2.3) in the
form

�2 = �0
2
+
�

�
(1� ~R2); �3 = �0

3
+
�

�
(1� ~R3);

~R2;3 = (1 + �2 � 2� sin � cos�0
2;3)

1=2: (4:5)

These equations de�ne �2 and �3 (corresponding to the �xed r and �) for which the
�eld strengths are maximal and minimal, resp.

The dependences �2(�) and �3(�) given by (4.5) for � = 0:999 and lying on the
observation spheres of di�erent radii are shown in Figs. 5a and 5b. A particular
curve de�nes the position of the �eld strength maxima and minima on a sphere of a
particular radius.

However, the value of extremum along each of these curves depends on �. To

evaluate the absolute minimum and maximum of Q, we substitute (4.2) and (4.5)
into Q

Q2;3 = ~R2;3(1��
2

�
sin � cos�0

2;3) =
~R2;3f1� �2

6�2
[1+�2(1+1=�2)](1�cos  

3
�
p
3 sin

 

3
)g:

Di�erentiating by � we �nd that absolute minimum (for Q2) and maximum (for

Q3) are reached at � = �=2. Then, the �rst of equations

�2 = �0
2
+
�

�
(1 � ~R2);

�3 = �0
3
+
�

�
(1 � ~R3); (4:6)

(where cos�0
2
and cos�0

3
are obtained from (4.4) by putting � = �=2 in them),

generalizes Schwinger's formula for arbitrary � and �.



The azimuthal positions of absolute minimumand maximumof Q as a function of the

observation sphere radius are shown in Figs. 6a and 6b for di�erent charge velocities.

It is seen that �2 and �3 �ll the intervals (0; �=2) and (�; 3�=2), resp. Finally, in

Fig. 7 it is shown how the function Q�1 behaves in the equatorial � = �=2 plane.

Obviously, the maxima of �eld strengths and radiation intensity coincide with those

of Q�1. It should be mentioned that Eq.(4.6) de�ning �2 may be interpreted in

3 ways. First, for t �xed, Eq.(4.6) de�nes how the azimuthal position of the Q�1

maximumchanges with r. Clearly, this dependence has spiral-like structure. Second,

for r �xed, Eq.(4.6) de�nes how the azimuthal position of the Q�1 maximumchanges

with t. Obviously, this dependence is linear. Third, for � �xed, Eq.(4.6) de�nes how

the radial postion of Q�1 maximum changes with t. Obviously, r linearly rises with

t.

Consider particular cases.

1) �! 0. This corresponds to the observation point on the sphere with a radius
r >> a. Then,

�2 = �0
2
! �

2
; �2 ! �

2
+ !(t� r=c); �3 = �0

3
! 3�

2
; �3 ! 3�

2
+ !(t� r=c):

(4:7)

Therefore, at large distances the minimum and maximum of Q are reached at the
�2 = �=2 and �3 = 3�=2 planes, resp. The corresponding values of Q are equal to
Q2 = 1 � � sin � and Q2 = 1 + � sin �. The absolute minimum and maximum of Q
are reached at the �2 = �=2; � = �=2 and �3 = 3�=2; � = �=2 points, resp. This
is demonstrated in Fig. 7, where it is shown that, indeed, for � = 0:1, Q reaches the
minimal and maximal values approximately at these points.

2) � ! 0. This corresponds to a charge which is permanently at rest at the point
x = a; y = z = 0. Then, Eqs.(4.3) and (4.4) give �2 = �0

2
= �2 = 0; �3 = �0

3
=

�3 = �. These values correspond to the nearest and most remoted meridional planes
on the sphere of the radius r, resp.

3) � ! 1; � = �=2; � ! 1. This corresponds to the observation point on
the charge trajectory. Then, �0

2
! 0; �2 ! 1; �2 ! !t; �0

3
! 4�

3
; �3 !

4�
3
+ 1 �p3; �3 ! !t+ 4�

3
�p3.

Again, this is supported by Fig. 7 where it is shown that for � = 0:99, Q reaches the

minimal and maximal values at these points.

The dimensionless instantaneous radial and azimuthal energy uxes (2.5), taken

along the curves �2 with minimalQ de�ned by Eq. (4.5) and depicted in Fig. 5a, are
shown in Figs. 8a and 8b. It is seen that in the neighbourhood of the charge orbit the
~S� component of the Poynting vector dominates. This may be shown analytically.

For simplicity, let � = 1; � = 1, while � = �=2 + ��. Then,

sin � � 1 � �2�=2; cos � �1 + 2�2� ; cos�0
2
� 1 � ��=

p
3; sin�0

2
�
p
2��=

p
3;



~R �
p
2(��=

p
3)1=2; Q �

p
2(��=

p
3)3=2:

We observe that for � = 1; � = 1

~Sr � j��j=
p
3; S� � ��; ~S� �

p
2j��

p
3j1=2

(the same singular factor E2= ~R is omitted). Hence, it follows that in the neighbour-

hood of a charge orbit, ~S� is much larger than ~Sr and S� (since j��j1=2 >> j��j for
j��j << 1).

The dominance of ~S� over ~Sr near the charge orbit, and ~Sr over ~S� at large

distances may be understood as follows. Following Schwinger [7], assume that for

r � a all energy is radiated along the vector ~n = cos!t~ny � sin!t~nx tangential to a

charge orbit. Then, an energy ux (lying on the continuation of ~n)) intersects the

sphere Sr of the radius r at the azimuthal angle � = !t + arccos(a=r). The scalar

product of the radial unit vector belonging to Sr with the unit vector lying on the
continuation of ~n (along which the energy ux propagates) is (~nr~n) = sin(� � !t).
At large distances, � � !t = arccos(a=r) � �=2 and (~nr~n) � 1. Therefore, at large
distances, Schwinger's ux has mainly the radial component.

We evaluate now the radial and azimuthal energy uxes in the equatorial � = �=2
plane. For the radii of the observation sphere not too close to a charge orbit, Sr is
positive for all � (Fig. 9a). However, in the neighbourhood of a charge orbit, ~Sr may
be negative in some � region (the energy ows into the observation sphere there).
This is demonstrated in Fig. 9b, where the region with ~Sr < 0 is shown by the

dotted line. The reason for this is evident from Eqs. (2.5). It is seen that ~Sr consists
of two terms. The second term is compared with the �rst one in the neighbourhood
of a charge orbit where � � 1.

On the other hand, both terms in ~S� are of the same order. Therefore, one may
expect that ~S� may take negative values in some � region for arbitrary radius of the

observation sphere. It is shown in Figs. 10a and 10b that � regions, where ~S� is
negative, exist for large (� = 0:1) and small (� = 0:99) observation distances. Again,
the regions with ~S� < 0 are shown by the dotted lines.

Although the instantaneous radial and azimuthal EMF uxes may acquire nega-
tive values in some angular regions, their time averages are positive. Figs. 2a and 3

demonstrate this.
The dependence of Q�1 on the radius in the equatorial � = �=2 plane at the �xed

moment of laboratory time t is shown in Fig. 11. The oscillations with the period

2�=� are observed.
The dependences of Q�1 on the laboratory time t in the equatorial � = �=2 plane

for the �xed radius are shown in Fig. 12a for large observation distance (� = 0:1) and
in Fig. 12b in the neighbourhood of a charge orbit (� = 0:99). Again, oscillations

with the period 2�=� are observed.
Both these cases are described by the following two formulae:

Q�1 =
1

c(t� t0)=r + � sin � sin(�ct0=a� �)
;



c(t� t0) = [r2 + a2 � 2ra sin � cos(�ct0=a � �)]1=2:

4.2.2 Extremes of �eld strengths in meridional planes

Now we �nd the minimum of Q relative to � for � �xed. For this purpose, one should

solve equation dQ=d� = 0. Taking into account that

d�0

d�
= � � cos � cos�0

~R � � sin � sin�0
;

we �nd the following relation

�� cos � sin � cos�0

~R� � sin � sin�0
= cos �

� cos�0 + � ~R sin�0

� sin�0 � � ~R cos�0
: (4:8)

This equation is satis�ed trivially for � = �=2. In this case,

Q = ~R � � sin�0;

� = �0 +
�

�
(1 � ~R); ~R = (1 + �2 � 2� cos�0)1=2:

To see whether Q reaches the maximum or minimum at this �0, one should �nd
d2Q=d�2 at � = �=2. It is given by

d2Q

d�2
(� = �=2) =

�
~R� � sin�0

; � = � cos�0 + � ~R sin�0 � �2:

Obviously, Q(�) has minimum or maximum � = �=2 for � greater or smaller than
zero, respectively (since R � � sin�0 is always positive). Correspondingly, Q�1 and
�eld strengths have maximum or minimum there. The value of � is found from the

equation � = �0 + �(1�R)=�.
Consider particular cases.

For � ! 0 (large distances), � = �(sin�0 � �). Therefore, Q, as a function

of �, has a minimum at � = �=2 for sin�0 > � and maximum for sin�0 < �. The

corresponding � is given by � = �0+� cos�0. Therefore, for large distances and � � 1,
� is negative everywhere except for the neighbourhood of �0 = �=2. Correspondingly,
the maxima of Q�1 and �eld strengths should be near � � �0 = �=2.

For � � 1 (i.e., near the charge orbit), � and � are reduced to:

� = cos�0 + 2� sin�0 sin(�0=2) � �2; � = �0 + �(1� 2 sin(�0=2)):

We see that � > 0 for 1 < � < 1:36 and � < 0 in other � regions. Therefore, Q
acquires the minimum at � = �=2 only for 1 < � < 1:36.



The dependences �(�) for large observation distances (� = 0:1) and in the neigh-

bourhood of a charge orbit (� = 0:99) are shown in Fig. 13. They are in complete

agreement with analytical results just obtained. This is con�rmed also by Figs. 7

and 9 where Q�1(�) and �eld strengths are shown in the equatorial � = �=2 plane.

We see that maxima of Q�1(�) and �eld strengths lie in the neigbourhood � = �=2

for �! 0, while its minima are outside this region. The position of the Q(� = �=2)

extremum as a function of the observation sphere radius are shown in Figs. 6a and

6b.

We conclude: for � = �=2, the positions and values of Q extremes coincide with ones

found in section 4.2.1.

For � 6= �=2, equation (4.8) reduces to

� ~R sin�0 = �2 sin � � � cos�0: (4:9)

Or,

cos3 �0 � b cos2 �0 + c = 0;

where

b =
1 + �2(1 + 1=�2)

2� sin �
; c =

1 + �2 � �2 sin2 �

2� sin �
:

Three roots of this equation are given by

(cos�0)1 = b(2 cos
 0

3
+ 1)=3; (cos�0)2 = b(1� cos

 0

3
+
p
3 sin

 0

3
)=3;

(cos�0)3 = b(1� cos
 0

3
�
p
3 sin

 0

3
)=3: (4:10)

Here

cos 0 = 1� 54�2 sin2 �
1 + �2 � �2 sin2 �

(1 + �2 + �2=�2)3
:

It is easy to check that (cos�0)1 > 1 and, therefore, it is unphysical. We observe that
(cos�0)2 � 0 and (cos�0)3 � 0. It follows from (4.7) that (sin�0)3 � 0. Therefore,

�0
3
= � � arccos j b

3
(1 � cos

 0

3
�
p
3 sin

 0

3
)j (4:11)

lies in the 2-nd quadrant and corresponds to the minimum of Q.

Further, if

�2 sin � � 1

3
�b(1� cos

 0

3
+
p
3 sin

 0

3
) > 0;

then sin�0
2
> 0; cos�0

2
> 0 and

�0
2
= arccos

b

3
(1 � cos

 0

3
+
p
3 sin

 0

3
) (4:12)

is in the 1-st quadrant. On the other hand, if

�2 sin � � 1

3
�b(1� cos

 0

3
+
p
3 sin

 0

3
) < 0;



then sin�0
2
< 0; cos�0

2
> 0 and

�0
2
= 2� � arccos

b

3
(1� cos

 0

3
+
p
3 sin

 0

3
): (4:13)

is in the 4-th quadrant.

The lines on which Q are minimal are obtained from the equations

�2 = �0
2
+
�

�
(1 � ~R2) and �3 = �0

3
+
�

�
(1 � ~R3); (4:14)

where ~R2;3 = (1+�2�2� sin � cos�0
2;3)

1=2. and cos�0
2
and cos�0

3
are de�ned by (4.10).

The dependences (4.14) for � = 1 and the large radius of the observation sphere

(� = 0:1) and near the charge orbit (� = 0:99) are presented in Fig. 14(a) and

14(b). For the � �xed, they de�ne the angle � for which Q is minimal. We see

on these �gures the �2 and �3 lines shown by the solid and broken lines, resp. In

accordance with (4.12) and (4.13), the �2 curve consists of two branches connected
by the dotted vertical lines. Keep in mind that these curves do not describe the
extreme of Q at � = �=2. The behaviour of Q�1 along these curves is shown Fig.
15(a) (large distances) and in Fig. 15(b) (near the charge orbit).

How to deal with the curves presented in Fig. 14? Take, e.g., Fig. 14(b). It
shows at which � the minimal value of Q is reached for the given � near the charge
orbit. Now we compare Fig. 14(b) with Fig. 16(a), where the dependences Q�1(�) in
a number of meridional planes in the neighbourhood of a charge orbit are presented.
Let � be 0:6. Then, Fig. 14(b) tells us that Q has minima at � � 1:25 and � � 1:85.

This is con�rmed by Fig. 16(a) in which one sees the maxima ofQ�1(�) at the same �.
When � increases, two maxima approach each other (Fig. 16(a), � = 0:9 and � = 1).
For some �, when the horizontal line intersects the �2 curve only once, these maxima
fuse. For larger �, the horizontal line does not intersect either the �2 or �3 curves.
In Fig. 16(a), one observes that for � = 1:2 there are no maxima of Q�1 for � 6= �=2

(as we have mentioned, the extremes of Q at � = �=2 are not described by Eq.(4.12)
and Fig. 14). For larger �, the horizontal line begins to intersect the �3 curve. Two
maxima of Q�1(�) again appear ( Fig. 16(a), � = 1:8). For larger �, the intersection
of the horizontal line with �3 disappears, only minimum at � = �=2 remains ( Fig.

16(a), � = 3). For still larger �, the horizontal line begins to intersect the second

branch of the Q2 curve. Two maxima of Q�1(�) again appear ( Fig. 16(a), � = 6).
We see that the instantaneous distribution of intensities has a rather complicated

and unexpected structure. For example, it is usually believed that radiation intensity
is maximal in the equatorial � = �=2 plane. Our consideration shows that this is not

always so. For completeness, we present in Fig. 16(b) the dependences Q�1(�) in a

number of meridional planes at large distances (� = 0:1).

Consider particular cases.

1) Let �! 0. Then,

cos 0 = 1� 54�2 sin2 �(1� �2 sin2 �);  0 = 6
p
3� sin �

q
1� �2 sin2 �; b =

1

2� sin �
;



cos�0
2
=
q
1� �2 sin2 �; cos�0

3
= �

q
1� �2 sin2 � sin�0

2
= sin�0

3
= � sin �;

�0
2
= arccos

q
1� �2 sin2 �; �0

3
= � � arccos

q
1� �2 sin2 �:

Therefore, two lines where Q is minimal appear at large distances. They are de�ned

by equations (4.9) and (4.10).

�2 = � sin �
q
1� �2 sin2 � + arccos

q
1� �2 sin2 � and

�3 = � � � sin �
q
1 � �2 sin2 � � arccos

q
1� �2 sin2 �:

Approximately these curves resemble those shown in Fig. 14(a) corresponding to

� = 0:1 (according to (4.12) and (4.13), the second branch of �2 disappears in

the limit � ! 0). The corresponding values of Q along these curves are given by

Q2 = Q3 = 1� �2 sin2 �.

2) Let � ! 0. Then,

cos 0 = 1 � 54
1 + �2

�4
�6 sin2 �;  0 = 6

p
3

p
1 + �2

�2
�3 sin �;

cos�0
2
=

p
1 + �2

�
�; cos�0

3
= �

p
1 + �2

�
�; �2 = �0

2
=

3�

2
; �3 = �0

3
=
�

2
:

In these case Q2 � 1 + � sin � � 1; Q3 � 1 � � sin � � 1.

We see that an instantaneous intensity of SR has a very intricate structure.
However, after averaging over the period of motion these intricacies disappear (see
Figs. 2-4).

The main question is how to detect the instantaneous intensity which rotates

along the observation sphere surface with the velocity v � c.
Fortunately, there is notable exception. An instantaneous SR is observed in

astronomic experiments [15, 16, 25, 26]. Since the radius of the orbit along which
the charge moves is large (e.g., for Jupiter it is about 105 km), the period of its

rotation is also large and, therefore, instantaneous SR is observable.

It seems that an instantaneous intensity of SR at the �xed moment of laboratory

time was never studied previously (except for Ref.[8], only small part of which was

devoted to the consideration of v < cn case).

5 Discussion and Conclusion

In Ref.[8] we studied synchrotron motion in medium with a velocity v greater than
the light velocity cn. in medium and found analytical expressions for the positions

of EMF singularities on the observation sphere. These singularities �lled the closed



curve described by the quadratic equation. For the treated case of synchrotron mo-

tion in vacuum, EMF has no singularities on the observation sphere (except for the

trivial case � = 1; � = �=2 mentioned in sect. (4.1)). Instead, EMF has maxima

and minima lying along the certain curves on the observation sphere. (Figs. 5, 6,

14). These curves are described by the cubic equations (4.3) and (4.9). An analytic

solution of these equations gives curves presented in Figs. 5,6,14. It sounds rather

strange, but the analytical description of synchrotron motion in medium with v > cn
is much simpler than that of in vacuum (since in the latter case one should solve a

cubic equation).

We briey enumerate the main results obtained:

1. We evaluated radial, azimuthal and polar EMF uxes averaged over the mo-

tion period. The calculations were performed for arbitrary velocities and distances,
for the observation points lying both inside and outside the charge orbit. It turns out
that azimuthal energy ux dominates over the radial one near the charge orbit and
is much smaller than the radial ux at large distances. This reconciles Schwinger's

and Schott's approaches.

2. We evaluated instantaneous radial and azimuthal EMF uxes for di�erent
distances and charge velocities. They have a number of unexpected properties. In
particular, they may acquire negative values in some angular regions. However, their

time averaged values are always positive. Analytical expressions are obtained for the
instantaneous positions of �eld strengths minima and maxima. They generalize the
famous Scwinger formula for arbitrary distances and velocities.
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Figure 1: Schematic presentation of the synchrotron motion. P (r; �; �) is the obser-

vation point.

Figure 2: Dimensionless distributions of the radial energy ux ~�r radiated for the
period of motion as a function of the polar angle � for � = 0:999, for the radii of
the observation sphere greater (a) and smaller (b) than the charge orbit radius a.

It is seen (a) that the radial distribution for � = 0:5 practically coincides with that
for � = 0 (this corresponds to an in�nite observation distance). For r < a (b), ~�r is
large only in the neighbourhood of a charge orbit (� = 1:01). The increasing of ~�r
near the charge orbit is due to the proximity of a charge and is usually called the

focusing e�ect [10,11].



Figure 3: Distributions of the dimensionless azimuthal energy ux ~�� radiated for

the period of motion as a function of the polar angle � for � = 0:999, for the radii of

the observation sphere greater (a) or smaller (b) than a. Numbers at curves mean

� = a=r. For large observation distances ~�� fall like �2. From the comparison with
Fig. 2 it follows that ~�� >> ~�r in the neighbourhood of a charge orbit (� � 1) and
~�� << ~�r at large distances. This reconciles Schwinger's and Shott's predictions.

Figure 4: Distributions of the dimensionless polar energy ux ~�� radiated for the
period of motion as a function of the polar angle � for � = 0:999, for the radii of the

observation sphere greater (a) or smaller (b) than a. For large observation distances
they decrease like �2. From the comparison with Figs. 1 and 2 it follows that ~�� is

much smaller than ~�� and ~�r.



Figure 5: Lines on which Q is minimal (a) and maximal (b) for � = 0:999 and

di�erent radii of the observation sphere. Numbers at curves mean �. Along each

of these curves the absolute minimum (a) and maximum (b) of Q are reached at

� = �=2.

Figure 6: Azimuthal position of absolute minimum (a) and maximum (b) of Q as a
function of the observation sphere radius �. Numbers at curves mean charge velocities
�. It is seen that absolute minima and maxima of Q �ll the regions 0 < � < �=2
and � < � < 3�=2, resp.



Figure 7: Behaviour of Q�1 in the � = �=2 plane for � = 0:999 and di�erent radii of
the observation sphere. Numbers at curves mean �.

Figure 8: Instantaneous radial (a) and azimuthal (b) energy uxes along the curves

with minimal Q shown in Fig. 5a. Numbers at curves mean �. It is seen that
~S� >> ~Sr near the charge orbit (� = 0:99).



Figure 9: Instantaneous radial energy uxes in the � = �=2 plane for � = 0:999 and

radii of the observation sphere not to close (a) and in the immediate neighbournood

(b) to the charge orbit. Number at curves means � = a=r. In the latter case energy
ux may take negative values (b) shown by the dotted line.

Figure 10: Azimuthal energy uxes in the � = �=2 plane for � = 0:999 at large

distance from the charge orbit (a) and near it (b). In both cases azimuthal energy
uxes take negative values (shown by dotted lines) in some angular regions. Numbers
at curves mean �.



Figure 11: Radial distribution of Q�1 de�ning maxima of �eld strengths at the �xed

moment of laboratory time and in the equatorial � = �=2 plane for a number of
charge velocities. The period of oscillations is 2�=�.

Figure 12: Time dependences of Q�1 at the �xed radial point lying in � = �=2 plane

at large distance (a) and near (b) the charge orbit. The period of oscillations is 2�=�.



Figure 13: Azimuthal angular dependence of the parameter � in the equatorial

� = �=2 plane on the sphere of a particular radius. Q�1 may take maximal values in
the � region where � > 0 and minimal values in the � region where � < 0. Numbers
at curves mean � = a=r.

Figure 14: Position of the Q�1 extremes on a sphere of a large radius (a) and near

the charge orbit (b). There are two lines of extremes: �2 and �3. The former consists
of two branches connected by the dotted line.



Figure 15: Distribution of Q�1 along the �2 and �3 curves shown in Fig.14 and lying

on the sphere of large radius (a) and near the charge orbit (b).

Figure 16: �-dependences of Q�1 in di�erent meridional planes in the neighbourhood
of a charge orbit (a) and at large distances from it (b).
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